A Spin Gauge Formulation of Gravity 
and a New View of Gravity-Matter Interactions 
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A first-order formulation of gravity is developed in which the fundamental fields consist of an 
SL (2, C) connection and two spinor- valued 1-forms. It is shown that the first term of an expansion 
of the Einstein-Hilbert action leads to an action for these fields which consists of dynamic inner 
products of their covariant derivatives, resembling reasonable generalisations of the terms found in 
the actions of typical gauge theories on Minkowski spacetime. If additional terms corresponding to 
other forces and matter, formulated in the same manner, are then included, this approach may shed 
new light on interactions of gravity with matter and other force carriers. 



INTRODUCTION 

Almost all actions of today's standard models, namely 
those of Yang-Mills, Dirac, and Klein-Gordon form, can 
be written in terms of inner products of fields that are 
considered fundamental and their covariant derivatives 
with respect to some gauge group. Furthermore, nearly 
all continuous symmetries demonstrated by physical laws 
have been built into these actions as local gauge symme- 
tries. Notable exceptions of the above trends, which this 
letter aims to address, are the standard actions for gen- 
eral relativity, the Einstein-Hilbert action and its vari- 
ants, and Lorentz symmetry. One of the first steps to- 
wards a unified theory of everything may be to come up 
with an action for the fundamental constituents of forces 
and matter in which all of the terms have the same form; 
that of an inner product which is gauge invariant with 
respect to all fundamental continuous symmetries. 

Attempts to formulate gravity as a typical gauge the- 
ory, using, say, a Yang-Mills kinetic term for a 'gravita- 
tional connection', have failed because gravity seems to 
be universal to a greater extent than the other forces of 
nature. For instance, even light, which is typically mod- 
eled using an electromagnetic potential with zero gravi- 
tational charge (mass), seems to be deflected in the pres- 
ence of a strong gravitational field. It is perhaps of note, 
however, that recently an action for general relativity 
which resembles the square root of a Yang-Mills term 
has been developed [1, 2]. In contrast to that approach, 
in this letter it is illustrated how gravity may be formu- 
lated using a traditional Yang-Mills term together with 
an additional kinetic-type term that is intimately tied to 
the geometry of spacetime. This additional term is what 
distinguishes the theory from gauge theories which may 
be modeled on a static spacetime, like those for the other 
forces. 

The aim of this letter is to address the above concerns 
by demonstrating a gauge theoretic action which por- 
trays a dynamical theory for fields which may be used 
to describe gravity. These fields consist of a connec- 



tion for the spin group SL{2,C) and two spinor- valued 
fields which, together, represent an orthonormal space- 
time frame. The universality of gravity is explained by 
the property that the main effect of gravity on matter 
and force carriers is due to universal interactions with 
these spinor-valucd fields, which are acted upon, in turn, 
by the connection. It is due to this that the SL (2, C) con- 
nection, from which the curvature of spacetime may be 
determined under certain conditions, may be interpreted 
as a gravitational potential which causes deformations of 
the orthonormal frame fields mentioned above. Another 
useful property of the theory is the way in which met- 
rics with degeneracies, which have been of great interest 
in recent work on quantum gravity, may arise naturally 
from the relevant field equations. 



THE DYNAMICAL FIELDS 

Let X be a smooth spacetime 4-manifold. Weyl spinor 
fields over X may be described by rules which assign 
to each event x € X and spin-frame [3] over a; a 2- 
dimensional complex vector. These spinor fields are 
called left- {undotted) or right-handed [dotted), if they 
transform under the standard or conjugate represen- 
tation of SL{2,C), respectively. Components of left- 
handed spinor fields with respect to the standard ba- 
sis {eA}A=i,2 of will be denoted using uppercase in- 
dices from the Latin alphabet, like a^, while those of 
right-handed fields will, in addition, contain an apos- 
trophe, like . Note that, in this construction, X is 
not required to admit a spin structure [3] a priori, or 
a Lorentzian metric for that matter, and so it is not a 
postulate of the theory that the relevant topological ob- 
structions vanish. Solutions to the field equations for the 
dynamical variables may, however, imply configurations 
of spacetime for which all these conditions are met if they 
result in nondegenerate tetrad fields, which can then be 
used to define an appropriate soldering form [4] . 

In the remainder of this letter, only local aspects will 
be discussed and so references to the theory of bundles 
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and spin structures necessary for a thorough global anal- 
ysis will be omitted. Furthermore, only the simpler local 
expressions of mathematical constructions such as con- 
nections on these bundles will be taken into account and 
all fields on X will be assumed to have compact support. 

The dynamical variables of the formulation of gravity 
to be described here are an SL (2, C) connection, V, and 
two left-handed spinor- valued 1-forms, and x- Given 
local coordinates 0^ on X, these spinor valued 1-forms 
take the form ip^ ca ® dcj)^ and xfi ^ dc/)^. 

The connection V induces covariant exterior deriva- 
tives dv which take spinor valued p-forms to spinor val- 
ued (p + l)-forms. The covariant exterior derivative of a 
left-handed spinor valued p-form a may be written as 

d^a ~ da — ikio Ap a, 

where k is the coupling constant and ut ~ uj^ Tr, for some 
1-forms uj^ and generators Tr of SL{2,C) which form a 
basis for the Lorentz algebra s[(2,C) ~ o (1,3), and Ap 
indicates wedge multiplication and the action of si (2, C) 
on via the standard representation p. In components, 

(dva)^,... = d[^a± ^ - ik {u^) ^^a^ ^ , 

where (uig^^ = ujj^ [Tr]^ given by the standard repre- 
sentation p. The curvature 2- form f2 of V is given by 

1 k 

— -fi = dui — iku} AacI uj = duj + — uj^ A u)^ C'aii , 
ik 2 

where AAd denotes a combination of wedge product and 
action via the adjoint representation Ad and C^jj de- 
note the structure constants for the Lorentz algebra 
sl(2,C)~ 0(1,3), 

[Tjy,Tn]^iCl^Tr . 

In components, if 

n = \vLl,Tr dr A dr = K)^, dr A d^ , 

where (fJ^)^^^ = ifij^^ [Tr]^ is, again, given by the 

standard representation p (the factor of ^ is included 
to match standard gauge theory and rclativistic conven- 
tions), 

or 

INDUCED FIELDS 

Conjugation, denoted by an overbar, on the space of 
Weyl spinors takes left-handed fields to right-handed ones 



and vice versa. It additionally induces a connection V 
and corresponding covariant exterior derivative which 
acts on right-handed spinor-valued forms. Conjugation 
also acts on the space V of tensor products of left- and 
right-handed spinors and defines an invariant subspace 
Vk of elements which are called real. Given a spin-frame 
{t,o} with eabI'^o^ , where e is the antisymmetric bilin- 
ear form on C^, it is possible to define a basis for V, given 
by 

Wfl^' = -1= (0^1-4' + ,^0^')^ 
' yAA' ^ ^(^^AjA' _^A^A'^^ h 

v^^' = -l=(o^O'^' -i^I^') 

which allows one to switch between pairs of spinor indices 
AA' and Minkowski indices a (denoted by lowercase let- 
ters from the Latin alphabet) and which is orthonormal 
with respect to the Minkowski inner product 

Vab = £ab£A'B' ■ 

The proper orthochronous Lorentz group 50/(1, 3) (of 
which SL (2, C) is a double cover), or rather its complex- 
ification, is represented on V by the tensor product of 
the standard and conjugate representations of SL{2,C). 
Hence the connection V and its conjugate induce a con- 
nection which acts on fields with values in V, usually re- 
ferred to as the spin connection, with covariant exterior 
derivative D = d+A which acts on V valued forms, where 
A can be thought of as a 1-form with values in so (1, 3). 
The curvature 2-form of this connection is given, in terms 
of the connection (A^)^, by 

(^n,. = 5[^(^?).] + (^c)[,(^g).] ■ 

One such V valued form is the tetrad 1-form 9 defined 
in terms of ip and x, in a similar fashion to that in [5, 6], 
by 

e ^ip-^^eA <E)ei> (g) d(t)^ + xt eA «) ea' (g) dcf)^ , 

i.e., 9^^ = and 9^^ = x^- The covariant exterior 
derivative of 9, 

^.■■^{De)%^d^^9l^ + {Al\^9l^ , 

is a 2-form with values in V called the torsion 2-form. It 
is said that 9 is nondegenerate at an event x ^ X li 

are linearly independent in V. When 9 is also real, i.e., 
9 = 9, it provides a linear isomorphism between V and 
the tangent space at x, and becomes what is known as a 
soldering form. 
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The complex mctrie g on X is then defined, via the 
tetrad 1-form, by 

g^u = e^el = SAB {v>tx^ - xt^!^) ■ 

When (fi and x such that 9 is real and nondegenerate, 
then g is also real and nondegenerate and has Lorentz 

signature (H ). The determinant of g is a perfect 

square due to its definition by the tetrad fields 6 which 
are linear in (p and x-i 



detg=[ le'^'^^^SABScD^t^^x'iX^ 



and hence 



where e is the totally antisymmetric Levi-Civita sym- 
bol. If a rank two contravariant tensor / is defined by 
contracting the product of three tp^s and three x's with 
antisymmetric symbols like 



/ 



A,C^ F B_D 



eABecDSEF Va.V0X^^\XpXa > 



then the adjugate of the metric is given by its sym- 
metrization and the inverse metric takes the form 



which may easily be generalised to pointwise inner prod- 
ucts of p-forms that are, say, spinor or V valued, by con- 
tracting any additional indices with the appropriate bi- 
linear form, such as e, 77, or a Killing form. (The subscript 
tfX is used to emphasise dependence on ip and x-) When 
If and X s-re such that g is real and nondegenerate, then 
= and so 



or in components, 

(a,/3)^ = 



41. ..ip yn---jp 



When g is degenerate, then ★ = and so also (•, •)(^ 



= 0. 



Finally, diffeomorphism invariant inner products on 
spaces of p-form fields are determined by integrating 
these pointwise inner products over spacetime. 



{a, (3)^ * (1) . 



As the above constructions are made up solely of objects 
such as g and its inverse, which are by definition invariant 
under local Lorentz transformations, if the forms a and 
/3 are SL{2,C) gauge covariant, then (a,/?)^,^ is Lorentz 
invariant. 



9' 



det g 2 det g 

The inverse tetrads are then given by 

and together with the tetrads can be used to mix 
Minkowski and spacetime indices. 

FURTHER CONSTRUCTIONS 

The metric g can now be used to define a dy- 
namic Hodge star operator ★ which takes p-forms to 
(4 — p)-forms by contraction with the Levi-Civita tensor 
V— det g eai3-yS using the inverse metric. For instance, 
the Hodge dual of a spinor valued p-form a is given by 



This Hodge star then allows one to define a (possibly 
degenerate) volume form 



★(1) = V'^^~det5 d(j)" A d(f>^ A dcf)"^ A dcj)^ , 

and pointwise inner products on the spaces of 

p-forms over X defined by 

(a,/3)^ = (-l)''("-^)+i*(aA*/3), 



THE ACTION 

Now an SL{2,C) gauge invariant action for the fields 
if, X uj will be extracted from the Einstein-Hilbert 
action for the metric g = g{Lp, x) by rewriting it in terms 
of a different quantity, which is also determined by and 
X\ expanding the result as a sum; taking only the simplest 
term which exhibits local degrees of freedom; and finally 
restoring Lorentz covariance. 

Suppose that g = g{^,x) is real and nondegenerate. 
Firstly, in terms of ^ = A{oj), the curvature scalar 
R ^ R{lu) is given by 

where the curvature of A with Minkowski indices is given 
by 

^bcd - y^b ■ 

Now, if I? = d + F is covariant exterior derivative 
corresponding to the Levi-Civita connection defined by 
g = g{v,x), given by 

f = ^9''^ {d,,g\a + d^gxp, - ^xga^,) , 

then the spin connection form A — A{lp, x) corresponding 
to F = F((y5, x) is given by [7] 



^b 
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Next, the torsion scalar T = T(a;, (p, x) corresponding to 
A = ^(w) and 9 = 0{ip, x) is given by 



where 



The relationship between all of these objects was shown 
[7] to be 



R = R + T + 2D^ {g''''9:e%) 



(1) 



where R = R{ip, x) is the curvature scalar corresponding 
toi = i((^,x). 

In teleparallel formulations of gravity, it is required 
[7] that there exist a class of frames where A = 
(i.e., D = d), so that the curvature F and hence the cur- 
vature scalar R corresponding to A vanish. The standard 
action for teleparallel gravity is then (in natural units 
with c = 1) 



which by (1) is equal to the Einstein-Hilbert action mod- 
ulo a boundary term, which does not effect the equations 
of motion. This demonstrates local equivalence between 
general relativity and teleparallel gravity. Now, given 
that 



T 
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(6,6), 



more complicated terms 
involving inverse tetrads 



retaining only the first, simplest, term and switching back 
to spinor indices then results in the expression 
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\BB' 



647rG Jx 

Finally, if it is taken into account that, in the teleparallel 
case, D = d, one obtains 
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327rG 



(dx, d(p) 



This expression is not Lorcntz invariant. However, re- 
placing the exterior derivatives with their covariant coun- 
terparts, which is equivalent to lifting the teleparal- 
lel condition; freeing ip and x from the condition that 
g = g(</3, x) is real and nondegenerate; and including a 
kinetic term for w results in an 5^(2, C) gauge invariant 
action. 
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(rfvX,c^vv)v 



1 



327rG/c2 



(3) 



where k is the coupling constant of V. This action is also 
naturally diffeomorphism invariant, being an integral of a 
4- form over X, and behaves nicely even when the metric 
defined by ip and x is not everywhere nondegenerate. 

Also note that, unlike giving up the teleparallel condi- 
tion in /(T) theories, which was shown to result in in- 
consistencies upon the addition of matter [7] , the action 
principle (3) describes a theory with physically sensible 
local degrees of freedom. This is because the equations 
of motion must involve derivatives of the fields Lp and Xi 
whereas the reasoning in [7] depended on the fact that 
the relevant equations could be written in a way that did 
not involve derivatives of the fundamental fields. 



THE IMPLIED INTERACTIONS 

One possible advantage of using I? inner products as 
in (3) is that interactions with the frame field defined by 
and X are encapsulated in a way that exhibits the way 
that spacctime interacts with fields on it. For instance, 
given an additional gauge potential B^, such as those 
which reside in electroweak theory or QCD, with coupling 
constant h and corresponding curvature (field strength) 
(2) 2-form G^^ = Gj^^^ir, where tr are generators for the 
corresponding gauge group; a Yang-Mills kinetic term 
for B may be written as 

1(G,G)^. = ^^tr (G^,Gp,),9''V"v/^d^rf^^ , 

where tr denotes the Killing form on the Lie algebra of 
the gauge group (note that when g = g{(p,x) is degen- 
erate then det g = so the integrand vanishes and the 
inverse metric is unnecessary, making the above expres- 
sion well-defined). It may be possible to find a recipe for 
extracting the interaction vertices that involve deforma- 
tions of spacctime frames, typically attributed to gravity, 
directly from such inner products, which may be a step 
towards a theory which unifies small and large scale phe- 
nomena. 
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